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Abstract 

This is a paper in a series systematically to study toroidal vertex algebras. 
Previously, a theory of toroidal vertex algebras and modules was developed 
and toroidal vertex algebras were explicitly associated to toroidal Lie algebras. 

In this paper, we study twisted modules for toroidal vertex algebras. More 
specifically, we introduce a notion of twisted module for a general toroidal 
vertex algebra with a finite order automorphism and we give a general con¬ 
struction of toroidal vertex algebras and twisted modules. We then use this 
construction to establish a natural association of toroidal vertex algebras and 
twisted modules to twisted toroidal Lie algebras. This together with some 
other known results implies that almost ah extended affine Lie algebras can 
be associated to toroidal vertex algebras. 


1 Introduction 

Extended affine Lie algebras are natnral generalizations of affine Kac-Moody Lie 
algebras (see |AABGP] L where an important family of extended affine Lie algebras 
consists of toroidal Lie algebras which are central extensions of mnlti-loop algebras 
of hnite dimensional simple Lie algebras. It is known that (nntwisted) affine Lie 
algebras can be canonically associated with vertex algebras and modules (cf. |FZ] . 
[DL], [m], [LL]), while twisted affine Lie algebras can be associated with vertex 
algebras in terms of twisted modules (see |FLM] . |Li2] ). In [BBS] , a natural con¬ 
nection of certain toroidal Lie algebras with vertex algebras was established. On 
the other hand, it is natural to study suitable toroidal analogues of vertex algebras 
and their relations with toroidal Lie algebras from a different perspective. This is 
also potentially important from the viewpoint of physics conformal held theory in 
high dimensions (cf. jlKUj . |IKUX] ). With this as the main driving force, a theory 
of toroidal vertex algebras and modules was developed and toroidal vertex algebras 
and their modules were associated to toroidal Lie algebras in |LTW2] . 

In the current paper, we continue to study twisted modules for toroidal vertex 
algebras, with a goal to associate twisted modules for certain toroidal vertex alge¬ 
bras to modules for twisted toroidal Lie algebras. To achieve this goal, we develop 

^Partially supported by China NSF grant (No. 11471268) 

^Partially supported by China NSF grant (No. 11471268) 

^Partially supported by China NSF grant (No. 11371024), Natural Science Foundation of 
Fujian Province (No. 2013J01018) and Fundamental Research Funds for the Central University 
(No. 2013121001). 


1 























a theory of twisted modules for a toroidal vertex algebra with a hnite order au¬ 
tomorphism and we establish a conceptual construction of toroidal vertex algebras 
and twisted modules. By using this general result, we successfully associate twisted 
modules for certain toroidal vertex algebras to twisted toroidal Lie algebras. 

Note that affine Kac-Moody algebras were classihed as untwisted affine Lie al¬ 
gebras and twisted affine Lie algebras, where untwisted affine Lie algebras can be 
realized as the universal central extensions of loop algebras of hnite dimensional 
simple Lie algebras and twisted affine Lie algebras can be realized as hxed points 
subalgebras of untwisted affine Lie algebras under Dynkin digram automorphisms 
(see 0)- For extended affine Lie algebras, essentially this is also the case; it was 
proved (see |ABFP[ INll IN21 IBGK[ IBGKNl lY] ) that almost all extended affine Lie 
algebras (except those constructed from the centerless irrational Lie tori) can be 
realized as twisted toroidal Lie algebras. In view of this, almost all extended affine 
Lie algebras can be associated to toroidal vertex algebras. 

Now, we give a more detailed account of the contents of this paper. First, an 
(r -I- l)-toroidal vertex algebra (with r a positive integer) is dehned (see |LTW2] i to 
be a vector space V equipped with a linear map 

F(-;a:o,x) : V ^ Hom(l/, ..., x^^]]((a;o))) 

V Y(v,Xo,x), 

where x = (xi,..., x^), and equipped with a distinguished vector 1 of V, such that 
F(l;xo,x)n = n and F (n; xq, x)l G ld[[xo, ..., x)!^^]] for v E V, 
and such that for u, v E V, 




Xo - Vo 


^0 


V(u;xo,zy)V(v;yo,y) - Zo 6 


yo 


xo\ 


-Zo J 


y{v-yQ,y)y{u\xo,’Ly) 


= yoS 


Xq - Zq 

yo 


j Y{Y{u;zo,z)v;yo,y). 


Now, let V be an (r -|- l)-toroidal vertex algebra with a hnite order automorphism 
a of period N. We dehne a a-twisted V-module to be a vector space W equipped 
with a linear map 


W^(-;xo,x) : 


V Hom(hF,lF[[x^\ 

V Yw(v;xo,x) 




such that 


Yw (l-,Xo,x) = 1 


w, 


and for u,v E V, 
'xo - yo' 


Zo^6 


Yw (u; Xo, zy)Yw {v; yo, y) - Zq 6 



yo - xq 

-zo 


yw {v; yo, y)yw («; xq, zy) 


Yw {Y {a^u;zo,z)v;yo,y). 
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We then give a conceptual construction of toroidal vertex algebras and twisted 
modules, analogous to a result of |Li2j for vertex algebras. Let W he a vector 
space and let r and N be positive integers. Set 

£{W,r;N) = Hom(W, W[[xf, ..., a;±i]]((4))) C End(W)[[a;o .. .,xf]]. 

We equip the space S(W,r;N) with the following Z^r-grading 


Af-l 

S{W,r-N) = ^S{W,r-,N),, 

s=0 

where £{W,r; N)s = Xq ^Hom(hF, ..., a:^^]]((a:o)))- Let a be the linear au¬ 

tomorphism of £(lV,r;N) with £(lV,r;N)s as the eigenspace of eigenvalue 
for 0 < s < iV. We call a subset 1/ of £(IV, r; N) local if for any a{xo, x), b{xo, x) G U, 
there exists a nonnegative integer k such that 

(a^o - 2/o)^ [a{xo, x), b{yo, y)] = 0. 

As the main result, we prove that every graded local subspace U of £(W,r-,N) 
generates an (r -|- l)-toroidal vertex algebra (U) in a certain canonical way with a 
as an automorphism of period N and that W is a natural a-twisted module for (U). 

The second half of this paper is devoted to establishing an association of toroidal 
vertex algebras to twisted toroidal Lie algebras. Let g be a hnite dimensional sim¬ 
ple Lie algebra and let Uo, cxi,..., be mutually commuting automorphisms of g 
with hnite orders Nq, Ni,. .., Nr, respectively. Set G = (ao, cxi,..., cTj.) C Aut(g). 
Consider the following (r -|- l)-loop Lie algebra 

U+i ( 0 , No) = 

and its central extension 

Lr+l(0, No) = Q® C[fo tr^] © Cc. 

Let r be the G-hxed points subalgebra 

r = (L^+i(g,iVo)) . 

Note that it was proved in [ABFP] that for almost all extended affine Lie algebras 
of nullity r + 1, the centerless core is isomorphic to such a Lie algebra r. 

To associate (r + l)-toroidal vertex algebras to twisted toroidal Lie algebra r, we 
consider a subalgebra of the (r + l)-toroidal Lie algebra 1/^+1 (b) = Lr+i{g, 1). Set 

£= ( ©£lm®t”C|«±‘]J0Cc, 

VmGZ'- / 
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where 

Set 


= |a G g o'j(a) = oj^^a for 1 < j < r | for m = (mi,..., m,.) 


e 


flm <8 t™C [to] I Cc, 

VmGZ^ / 

a subalgebra of C. For any complex number £, we construct an (r + l)-toroidal vertex 
algebra !/£(£, 0) whose underlying vector space is the following induced module 

Vc(e,0) = U(£) (g + C), 

where g © C is equipped with a suitably dehned £-°-module structure such that c 
acts as scalar £. The automorphism ao of g is shown to induce an automorphism a 
of Vc{£, 0) with order No- Then we show that the category of restricted r-modules 
of level £ is naturally isomorphic to that of d-twisted V£(f', 0)-modules satisfying a 
certain equivariance property (see Theorem 14.71 for details). 

This paper is organized as follows: In Section 2, we dehne the notation of twisted 
module for a general toroidal vertex algebra and we present some basic results. 
In Section 3, we give a general construction of toroidal vertex algebras and their 
twisted modules. In Section 4, we associate toroidal vertex algebras and their twisted 
modules to twisted toroidal Lie algebras. 


2 Twisted modules for toroidal vertex algebras 

In this section, we dehne the notion of twisted module for a toroidal vertex algebra 
with a hnite order automorphism and we present some basic properties for twisted 
modules. 

First of all, throughout this paper, we denote by C, N, and Z the held of complex 
numbers, the set of nonnegative integers, the set of integers, respectively. The sym¬ 
bols x, y, Xo, Hqi Zq, Xi, denote mutually commuting independent formal 

variables. All vector spaces in this paper are considered to be over C. 

Let r be a positive integer which is hxed throughout this paper. For any m = 
(mi,..., nir) G Z^, we set 




■ ■ ■ X 


rrir 

r 


As a convention, we write 


X ^ 


-1 


■ x^ 


-1 




= X 


mi — 1 
1 


^rrir — l 




and 


Resx = Resa;^ • • ■ Res^;,.. 
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For a vector space W and a positive integer N, we set 


e(W,r^JV) = 


( 2 . 1 ) 


In particular, we write (IF, r) for (IF, r; 1), i.e.. 


£ (IV, r) = Hom(lV. .... i"]]((i„))). 


( 2 . 2 ) 


Recall the formal delta-function 


iM = '£z''eCllz,z-% 


We have 



The following is one of the basic properties of the delta-function 

-1 r f — Z2\ — ^2^^^ _i . / Zq + Z2\ / Zo + Z2\ . 

- ^ (—j (—j = ' (—j (—j '2'') 

for CK G C (see |DLj ). 

Next, we recall the dehnition of an (r + l)-toroidal vertex algebra from [LTW2] . 

Definition 2.1. An (r + l)-toroidal vertex algebra is a vector space V equipped 
with a linear map 


F(-;a;o,x) : V^£(V,r), 

V 1 —^ V (v; xq, x) 




(mo,m)GZxZ^ 


and equipped with a distinguished vector 1 G F, satisfying the conditions that 


F (1; xo,x)n = n and Y {v]Xo,:x)l ,... for n G F 

and that for m, G F, 



where 





(mo,m)€ZxZ’' 
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Let u G V. We define Y (m; mg, x) and Y (m; Xq, m) for mg G Z, m G by 


F(M;a;o,x) = ^ F(m; mg, x)xo ^ ^ F(M;a;o,m)x 

moGS mGZ^ 

From the Jacobi identity (I2.4p we get 


[F(M;a;o,zy),F(n,?/g,y)] 



zlY{Y{u;zo,z)v,yo,y) 



Y(Y{u;j,z)v;yo,y). 


(2.5) 


( 2 . 6 ) 


Furthermore, we have 


[Y{u; xo, m), Y{v; yo, y)] = y" 




it AY 




-■n “ 

Xo 


(2.7) 


for m G I/. 

Let Vi and V 2 be (r + l)-toroidal vertex algebras. An (r + l)-toroidal vertex 
algebra homomorphism from Vi to V 2 is a linear map a such that 


(t( 1) = 1 and a(Y(u; Xq, x)v) = Y(a(u); Xq, x)a(v) foru,vEVi. 

An automorphism of an (r + l)-toroidal vertex algebra V is dehned to be a bijective 
homomorphism from V to V. 

Next, we dehne a notion of twisted module for an (r + l)-toroidal vertex algebra 
V. Let cr be a hnite order automorphism of V and let A^ be a period of a. (Here, N 
is a positive integer such that = 1, but N is not necessarily the order of a.) Set 

LOjv = exp (27r-\/—1/A^) , 

the principal primitive A^-th root of unity. Then V = where W = 

{m G H I a(u) = ulfU } for any j G Z. 

Definition 2.2. A a-twisted V-module is a vector space W equipped with a linear 
map 


Yw (■;xo,x) : 


such that 


V^S:(W,r;N) 

Vh^Yw (v; Xo, X) = ^ Vmo,mXo"'°~^X~'^ 

(mo,m)e^ZxZ^ 


Yiv ( 1 ; Xo, x) — Iw 
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and such that the following a-twisted Jacobi identity holds for m, n G Id: 


-1 r xo-yo 

Za d I - 

zo 

^ N-l 


Yw (m; xo, zy)Yw (n; 2 / 0 , y) - ^0 ^ 


-ir Vo-xo 




-li / ^ l^a-z« 




j=0 


yo 


-Zo 

Yw {Y {a^u;zo,z)v;yo,y). 


Yw {v; yo, y)Yw {u; xo, zy) 
( 2 . 8 ) 


Lemma 2.3. Let {W, Yw) be a a-twisted V-module and let u,v eV . Assume u E 
with 0 < s < N. Then 


Yw (m; Xo, x.) EXq^S (W, r). 
Proof. As u eV^, from fl2.8p we get 


-lx xo-yo 


Zo^S 


Zo 


Yw (m; Xo, zy)Yw (v; yo, y) - z^ 


-ir /yo-xo 


-Zo 


(2.9) 


Yw (v; yo, y)Yw (m; xo, zy) 


/ Xo - ^0 \ / Xo - ^0 
= 1/0 J ' 


yo 


yo 


Yw {Y {u;zo,z)v;yo,y). 


( 2 . 10 ) 


Using fl2.3p . one can also write fl2.10p as 


- 1 . xo-yo 

Zt, 0 I - 

Zo 


Yw (u; Xo, zy)lV (^^; yo, y) -Zq^S ( ——— 

—Zo 


= Xo d 


-lx f yo + Zo] /yo + zo 


Xo 


Xo 


Yw (Y (u;zo,z)v;yo,y). 


Yw (v; yo, y)Yw («; xo, zy) 
( 2 . 11 ) 


Taking x = 1 in fl2.10p . we get 
-lx f^o-zo 

yo <5 - 

V yo 


Yw {u;xo,zy) 


( Xo - Zo] Xo- Zo 

= yo^ 


yo 


yo 


Yw {Y {u-,zo,z)l-,yo,y). 


Then applying Res2o2:o setting zo = 0) we have 


yo"5 


yo 


V ( \ -Ir ( Xo] ( Xo^ ^ 

Yw [u; Xo, zy) = ?/o J ' 


yo/ \yo 


^ iV(M_i,ni;i/o,y)z "• 




From this we get fl2.9p . 

Let {W,Yw) be a a-twisted U-module and let u G U®, x G U as in Lemma 
Applying Res^g to fl2.1ip . we obtain the following twisted commutator formula 

[Ywiu; Xo, zy), lV(x, yo, y)] 


□ 




I f d \ 


j>o 


j! \dyoJ 


1 


-lx yo] yo 


Xo/ V^o 


ZoYw{Y{u-, zo,z)v,yo,y) 




J>0 


Xo \Xo 


( 2 . 12 ) 
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Furthermore, we have 


[Yw{u; xo, m), lV(u, yo, y)] 

-lx fyo\ (yo 


1 / a ^ ^ \ \ iV 


^ (-HSilF) ) 


(2.13) 


for m G Z'", where 


Fh/(m;xo,x) = ^ FH/(M;xo,m)x 


mGZ'- 


Multiplying fl2.10p by ) ', then applying ReSa;^, we get a twisted iterate for¬ 

mula 


Yw{Y{u; zo, z)v; yo, y) = Res^ 


XQ 


Xq - Zq 

yo 


■X, 


(2.14) 


where 


X = Zo^S [u] Xo, zy)Yw {v, yo, y) - {v, yo, y)Yw («; Xq, 

If we use (12.lip , similarly we get the following variation 


YwiY (u; Zo, z)n; yo, y) = Res,^,^ ( • X, 


Xo 


(2.15) 


where X is given as above. 


Lemma 2.4. Let {W,Y\y) he a a-twisted V-module, (a) For u,v G V, there exists 
a nonnegative integer k such that 

{xo - yo)'' [Yw (m; Xo, x), Yw (x; yo, y)] = 0. (2.16) 

(b) For u G V eV , w E W, there exists a nonnegative integer i such that 


£ I S 

{zo + yo) ^ Yw {u; zo + yo, zy)Yw (x; yo, y)w 


p, _^ 

= {yo + zo) ^ Yw{Y {u-,zo,z)v,yo,y)w. 


(2.17) 


Proof. For part (a), let fc G N be such that z^Y{u; Zo, z)v E z, z~^]]. Then the 

assertion follows from fl2.12p immediately. 

To prove part (b), let A; G M be such that fl2.16p holds and let / G N be such that 


X(^^Yw{u;xo,zy)w EW[[xo,y,y ^,z,z ^]]. 


Then 















_^ _s_ 

Xq ^ (xo - yofYw{u] xo, zy)Ywiv, yo, y)w = Xq ^ (xq - yofYw{v] yo, y)Yw{u] xq, zy)w 
and 


^ I s 

Xq ^ {xo - yofYwiv] I/O, y)Yw{u] xq, zy)w e [[xq, y, y"\ z, z"^]], 
which imply 

l-\- — 

Xq ^ {xo - yofYw{u-, Xo, zy)Fvy(^^; 2/o, y)^^ e W^[[xo, y, y"\ z, z"^]]. 


In view of this, we have 

{xo-yo) Xq ^Yw{u]Xo,zy)Yw{v,yo,y)w 

u l-\- — 

= {xo-yo) Xq ^Yw{u]Xo,zy)Yw{v,yo,y)w 


xo=yo+zo 


xo=zo+yo- 


Using fl2.15p . delta-fnnction snbstitution, and fl2.16p . we obtain 
4iyo + ZoY^^YwiY (n; zq, z)v; yo, y)w 


= Res.^nXn ^5 


xo‘^0 


Vo + ^o\ fyo + zo 


(yo + 2 : 0 )'+^ 


Xo / \ Xo 
[(a^o - yo)’'Ywiu; Xq, zy)Yw(v; yo, y)M;] 


= ReSj,oXo ^5 


yo + zo 


Xo 


k ^+“ 

{xo-yo) Xq ^Yw{u;xo,zy)Yw{v;yo,y)w 


{xo - yQfxQ^Yw{u-,XQ,zy)Yw{v,yo,y)w 

U l+ — 

(xQ-yo) Xq ^Yw{u;xo,zy)Yw{v;yo,y)w 


\xo=yo+zo 


\xo=zo+yo 


= ZQ{zo + yoY"""^Yw{u-,zo + yo,z.y)Yw{v,yo,y)w. 
Multiplying both sides by Zq^, we obtain (I2.17p . 


□ 


The property (a) in Lemma [2.41 is called weak commutativity, while property (b) 
is called weak twisted associativity. Just as with twisted modules for vertex algebras 
(see ra). the converse of Lemma 12.41 also holds. 

Lemma 2.5. Let V be an (r + 1)-toroidal vertex algebra and let a be an automor¬ 
phism of period N. In the definition of a a-twisted V-module, the twisted Jacobi 
identity can be equivalently replaced by the weak commutativity and the twisted weak 
associativity. 


Proof. Let u G n G U and w e W with 0 < s < N. Let fc G N be such that 
fl2.l6p and fl2.l7p hold and such that Xg ^Yw{u; Xo,:x.)w G JU[[xo, x, x“^]]. Then 

(a^o - yo)^XQ'^^Yw (n; Xo, zy)lV {v, yo, y)w = (xo - |/o)^4^'^bV {v, yo, y)>V {u; Xo, zy)M;. 
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As the expression on the right-hand side involves only nonnegative integer powers 
of Xq, so does the expression on the left-hand side. Thus 


, fc+ — 

(xo - Vo) Xq ^ Yw (m; Xo, zy)Yw (v; yo, y)w 
1 fc+ — 

= (xo-yo) Xq ^Yw{u;xo,zy)Yw{v;yo,y)w 
Then using delta-function substitution and fl2.17p we get 


xo=yo+zo 


xo=^o+yo- 


fc fc _l r / ^0 Vo 

ZqXqZq S 


Zo 


Yw {u; Xq, zy)Yw {v; yo, y)w 


k^k-l)r ( 2/0 3:0 


= Zq 5 


Zq^o^o ^ 


-U / ^0 - 2/0 


-Zo 


(v; 2/0, y)>V (u; Xq, zy)w 


Zo 


Xn 


h ^+ — 

{xo-yo) Xq ^Yw{u;xo,zy)Yw{v;yo,y)w 


-ir Vo-xo 

-Zn d I - 

-Zo 


Xn 


(a^o - yo)^XQ'^^Yw {v, yo, y)Yw (m; xq, zy)w 


_i Xo- Zo 

= 2/0 - 

V 2/0 

-1. fyo + Zo 


= Xq 6 


= ^0^^ 


= 


= Xo^S 


Xn 


Xn 


Xo 

2/0 + Zq 

Xo 

^0+Ao\ 


h k-\- — 

(xo-2/0) Xq ^Yw{u-,Xo,zy)Yw{v,yo,y)w 
{xo-yo) Xq ^Yw{u;xo,zy)Yw{v;yo,y)w 


Xn 


ju k I 

(xo- 2 / 0 ) Xq ^Yw{u;xo,zy)Yw{v;yo,y)w 


\xo=yo+zo 


\xo=zo+yo 


Xo 


^0 ""Zoizo yo)^^^Yw {u; Zo + yo, zy)Yw {v, yo, y)w 


yo + Zo \ ^ Nfc+i 


Xo 


a^o "^4(2/0 + Zo) ^ ^Yw{Y {u-, Zo, z)v,yo,y)w 




-1 r / 2/0 + ^0 \ ( yoY Zq 


Xq 


Xq 


—k ^—k 


Yw{Y{u; Zq, z)v;yo,y)w 

s 

N 

Yw{Y (u; Zo, z)v, yo, y))w. 


Multiplying by Xg Zq , we obtain the twisted Jacobi identity. 


□ 


Using (12.up . Lemma 2.3 in |Li2] . and (12.7p . we immediately have the following 
analogue of one half of Lemma 2.11 therein: 


Lemma 2.6. Let V be an (r -|- 1)-toroidal vertex algebra with a finite order auto¬ 
morphism a of period N and let (W,Yw) be a faithful a-twisted V-module. Let 

a, b, 0 *-^^ ..., e U, m e 
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and assume a E with 0 < s < N. If 

{Yw(a; x„, m), Yw(b; ya, y)] 



(2.18) 


on W, then we have 


aj,inb = for 0 < j < k and = 0 for j > k, 


and 


k 



[Y{a;xo,ia),Y{b;ya,j)] = j‘"'^Y{c'^'> 


(2.19) 


on V. 


Remark 2.7. Note that for twisted modules for a vertex algebra, the converse of 
Lemma |2.6| is also true (see imi) as a vertex algebra itself is always a faithful 
module. However, this is not the case here; an (r + l)-toroidal vertex algebra itself 
is not necessarily a faithful module. Due to this, we cannot claim the converse of 
Lemma 12.61 

3 Construction of toroidal vertex algebras and 
their twisted modules 

In this section, we give a general construction of (r + l)-toroidal vertex algebras and 
their twisted modules from local subsets of S{W,r]N) with W being an arbitrary 
vector space. 

Let W he a vector space in addition to positive integers r and N, which are all 
hxed throughout this section. Recall 


£{W,r;N) = Hom(lR, ..., («))). 



End(lH)[[a; .., ^End(fL)[[xo \ ..., x^^]]. (3.1) 

Let a be the corresponding linear automorphism of End(hL)[[xg ... ,x^^]], 

with x“^End(lE)[[xo ..., as the eigenspace of eigenvalue for 0 < 

j < N. Namely, 



(^{f{x^,Xi, . . .,Xr)) = f{u^^X^,Xi, . . .,Xr). 


(3.2) 
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J_ 

We see that a subspace of End(iy)[[a:Q is cx-stable if and only if it 

is graded. It is clear that £{W^r]N) is a graded subspace, so that a is a linear 
automorphism. We have 


£{W, r; N) = ®o<,<n-i£{W, r; iV),-, 


where 

£{W,r]N)j = x~^}lom{W,W[[xf\...,x^^]]{{xo))) =x~^£{W,r). (3.3) 

Let a(a:o, x), h{xQ, x) G £{W,r] N). We say that a(a;o, x) and 6(a;o, x) are mutually 
local if there exists a nonnegative integer k such that 


(a^o - yof [a{xo, x), b{yo, y)] = 0. (3.4) 

Furthermore, we say a subset U of £(IV, r; N) is local if for any a{xo, x), b{xo, x) G 17, 
a(a;o,x) and 6(a:o,x) are mutually local. 

Definition 3.1. Let a(xo, x), b(xo, x) G £(W, r; N). Assume that a(xo,x) and 
b(xo,x) are mutually local and assume a(xo,x) G £(W, r; N)j with 0 < j < A^. 
Then we dehne 

a(yo, y)mo,inb(yo, y) ^ £ (hh, r; N) for (mo, m) G Z x Z'’ 
in terms of generating function 

ys(a(yo,y)-,zo,z)b(yo,y)= ^ a(yo,y)mo,mb(yo,y)zo"'°~^z~"' 

(mo ,m)GZxZ^ 


by 


y£ (a(yo,y);zo,z)b(yo,y) 


Res 


'XO 


Xq - Zq 

yo 


■X, 


(3.5) 


where 


X = Zo^S «(^o, zy)b{yQ, y) - ^(l/o, y)a(a:o, zy)- 

Lemma 3.2. Assume that a{xo,x) E £{W,r; N)j, b{xo,x) E £{W,r; N)s withj,sE 
Z and that a(xo,x) and b(xo,x) are mutually local. Then 

a( 2 / 0 , y)mo,m&(2/o, y) e £{W,r;N)j+s (3.6) 

for all (mo, m) G Z x Z’’ and a{yo,y)mo,mb{yo,y) = 0 whenever mo > k, where k is 
a nonnegative integer such that \3.Jif} holds. 
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Proof. By definition we have 


j + s 


Vo^ hk (a(?/o, y); zq, z)b{yo, y) = Res^o(xo - zo)^ ■ y^X, 

s 

where X is given as above. Since y^ X involves only integer powers of yo (from 

.i + s 

Lemma l23|l . so does y^’^ {a{yo,y); Zo,z)b{yo,y). This proves the hrst assertion. 

For the second assertion, note that for ttiq G Z, 


zJf°Y£ {a{yo, y); Zq, z)b{yo, y) = Res^^ ^ Vo • 


i>0 


Let fc G N be such that fl3.4p holds. Noticing that for any integer q with q > k, 
Res^o^X = (xo - yoya{xo, zy)b{yo, y) - (xq - yoYb{yo, y)a{xo, zy) = 0, 


we have 

Res^^zY^Ys (a(2/o, y); zq, z)b{yo, y) = 0 

for any mo > k. Thus, a{xo,x.)mo,mK^OT^) = 0 G Z x Z'’ with 

mo > k. □ 

Remark 3.3. Let a{xo,x) G £(W,r-, N)j, b(xo,x) G £(IV, r; N)s. Suppose that 
a(xo,x) and b(xo,x) are mutually local with k G N such that 03.41) holds. Then 

j j 

{xo - yoYxYa{xo,zy)b{yo,y) = {xq - yo^x^b{yo,y)a{xo,zy), 
which (by using the information from two sides) implies 

(a^o - yoYxYa{xo,zy)b{yo,y) G Hom(fF, fF[[y, y"\ z, z"^]]((a;o, 2/o)))- 
Using delta-function substitution and 03.41) . we get 


ZqX = {xo - yoYX = yQ ^6 (— —[(xo - yoYa{xo, zy)b{yo, y)] . (3.7) 

V 2/0 / 


Then 


ZqYs {a{yo,y); zo,z)b{yo,y) 


= ReSa;o ( ——— ] ■ ZqX 

2/0 


2/0 


= ReSxoVo 1 ( ) [(^0 - yoYa{xo, zy)b{yo, y)] 


2/0 


= Res f + 

^ \ a:o / \ a:o 

i 


N 


[(a^o - yoYa{xo, zy)b{yo, y)] 


= (yo + zo) ^ {xo-yo) xYa{xo,zy)b{yo,y) 


\xo=yo+zo- 


(3.8) 
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Therefore, we obtain (cf. |LTWlj . Lemma 2.9) 


Zoi.yo +zo)'^Ye{a{yo,y)]ZQ,7)h{yo,y) = {xq - yofx^a{xo,7.y)h{yo,y) 


XQ=yQ+ZO 


(3.9) 


This gives a different dehnition of Ys {a{yo, y); zo, z)b{yQ, y). 

For any graded local subspace U of £(W,r-, N), we extend the dehnition linearly 
to dehne a{yo,y)mo,mb{yo,y) for any a(a:o, x), 6(xo, x) e U. 

The following is a key result to the construction: 

Lemma 3.4. Assume that a{xo, x), b{xo, x), c{xo, x) G £(IV, r; N) are pairwise local. 
Then for any {roQ, m) G Z x , a(xo, x)mo,inb(xo, x) and c(xo,x) are local. 

Proof. Fix (mo, m) G Z x 7/. Let A: G N be such that k + mo > 0 and 

(xo - yofa{xo, x)b{yo, y) = (a:o - 2/o)^&(l/o, y)a(xo, x), 

(a(o - yo)’'a{xo, x)c{yo, y) = {xq - yofc{yo, y)a(xo, x), 

(xo - yo)^Hxo, x)c(yo, y) = (xq - yo)^c{yo, y)b{xo, x). 


Assume a(xo, x) G £(W, r; N)s with 0 < s < A^. We have 

a(xo,x) 

mo,m b{xo,x) 

= Res,.x-” f; I j j . T. 

= Res„x-”f; ( I ) . (-!)■ .Ti, 

where 


Ti = {yo - a(|/o, m)6(xo, x) - (-xo + l/o)™°’^* &(xo, x)a(|/o, m). 


Since 


(xo - zoY'^i.iyo - xo)'^°"^"a{yo, m)6(a;o, x)c{zo, z) - {-xq + |/o)™°+*6(a:o, x)a{yo, m)c( 2 ;o, z)) 

= X] ( ) (^0 - yof^~^{yo - ZoYixo - zof ■ 

j=o ^ / 

■{{yo - Xo)"'°^'a{yo, m)6(xo, x)c{zo, z) - (-a:o + 2 /o)™°’^*&(xo, x)a{yo, m)c(zo, z)) 

= 5 ^ ( ) (^0 - yof^~^{yo - zoYixo - Zo)’' ■ 

j=k+i k J / 

■{{yo - Xo)'^°^'a{yo, m)b{xo, x)c(xo, z) - (-xo + yo)'^°^'b{xo, x)a(|/o, m)c(xo, z)) 

= ^ (^0 - {yo - zo)^ {xo - Zo)'' ■ 

j=k+i k -f / 

■{{yo - Xo)"'°^'c{zo, z)a{yo, m)6(xo, x) - (-xo + yo)'^°^'c{zo, z)6(xo, x)a{yo, m)) 

= (a::o - ^o)^^((2/o - Xo)"'°~^"c{zo, z)a{yo, m)6(xo, x) 

-(-Xo + |/o)™°’^T(xo, z)6(xo, x)a{yo, m)). 
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we get 

(xo - Zoy^{a{xo,x)mo,mK^o,^))c{zo,z) = {xo - Zof^c{zo,z){a{xo,^)^^^j3{xo,y.)). 
as desired. □ 


A graded local subspace U oi £{W,r] N) is said to be closed if 

Iw and a{xo,yd)^^^Jj{xQ,^) G U 

for all a(xo, x), 6(a:o, x) G t/, (mo,m) G Z x If. 

The following is the main result of this section: 

Theorem 3.5. Let V be a closed graded local subspace ofS(W, r; N). Then (V, l^y) 
carries the structure of an {r+ 1 ) -toroidal vertex algebra with a as an automorphism 
which has N as a period and W is a faithful a-twisted V-module with 

Yw {a{xo, x); Zq, z) = a(xo, z) for a(xo, x) G V. 

Proof. For any b{xo,x.) G S{W,r] N), from Definition 13.11 we have 

Ys {Iw; zo, z)b{yo, y) = Res^^ 

= Resa^oXo^^ = Kyo,y)- 

On the other hand, for any a(xo, x) G £(IV, r; N)s with 0 < s < iV, we have 
Ys {a{yo,y);zo,z)lw 

s 

f Xo-zo\^ f _1 fxo-yo\ _1 /2/o-xo\\ , . 

= Res,, j i j - i ^ j j a(x„. zy) 

s 

^ - 1 . f Xo- Zo\ f Xo- Zo\^ , . 

= Res^^y^ d - - a{xo, zy) 

\ yo J \ yo J 

s 

-u f yo +zo\ f yo +zo\~^ 

= Res^^o^o d - - a{xo, zy) 

\ Xq / \ Xq / 

= (yo + xo)"^ReSa;oa;o ^5 

V ^0 

= a(l/o + ^o,zy) = e^°^a(?/o,zy). 

To prove the Jacobi identity, let a{xo, x),b(xo, x), c(xo, x) G R such that a(xo, x) G 
£ (IF, r; Nq)^ and b(xo, x) e £ (IF, r; LIq)^ with 0 < A, ju < N. For simplicity, in the 
following, we write Res„g^„g for Res^ipRes^p. By Definition 13.11 we have 

z-i^ yo ^y^ (^a(to,t);xo,yz)Y£ (b(to,t); yo,y)c(to,t) 

A J£_ 

fvo-xo\^ fuo-yo]^ _1 /xo-|/o\_ 

= Res„.,.. (^—) ^ [—)T. 


x^a(xo,zy 
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where 


T = Xq^S (——yQ ^(5 (— — a{vo, zyt)b{uo, yt)c(to, t) 

\ ^0 / \ Vo / 

-Xq^5 zyt)c(to, t)b{uo, yt) 

-Xq^6 (— — —'\b{uo,yt)c{to,t)a{vo,zyt) 

\ -xo J \ yo J 

+Xq^5 {-—^)c(to,t)6(Mo,yt)a(vo,zyt). 

\ -xo J V -yo J 

Let /c be a nonnegative integer such that 

(a^o - yof [aixo: x), b{yo, y)] = 0, 

(a^o - yo)^ [aixo, x), c{yo, y)] = 0, 

(a^o - yo)’^ [K^o, x), c{yo, y)] = 0. 

Using the basic delta-function substitution property we get 

x^yoZ^ZQ^b ^ = ZQ^b ^ (a^o - tof (^o - Uf (a^o - u^f T 

■ (a^o - tof {uq - tof (no - uof a(no, zyt)6(no, yt)c(to, t). 


Consequently, 

Xoyo^Zo^^ (——— ]Y£ {a{to,t)] xo,yz)Y£ {b{to,t)] yo,y)c{to,t) 


zo 


zo 


^ ^ a^ a^ / a.o - .o 


io J \ h 


uo — a/o 


to J \ to 


S, 


where 


S' = (no - to)^ (no - to)^ {vo - Uof a{vo, zyt)6(no, yt)c(to, t). 


Similarly, we have 

„k„,kk-lx ( yo — ^0 


4yo4^oS 
= Res 


-zo 


I yo-xo\ ,( Vo- Xo 

uo,voZo Cl kg U 


-Zo 


Ye {b{to, t); I/O, y)!^- (a(to, t); xq, yz)c(to, t) 
no - xo 


tc] 


tc] 


to'sr-^ 

to 


uo-yo 


t 


0 


5. 
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On the other hand, we have 


Vo ^ 0 , y)c(to, t) 



where 

T' = Zq^5 ^° ^a(no,zyt)&(Mo,yt)c(to,t) 

-Zq^5 ( ^°i/o zyt)c(to, t) 

-Zq^5 (^^^^|^^c(to,t)a(no,zyt)6(Mo,yt) 

+Zq^5 |^^^^^^c(to,t)6(Mo,yt)a(no,zyt), 


and furthermore we have 


4y^o4yo^^ ( 

yo 


Ys (ys (a(0, t); Zq, z)b{to, t); yo, y)c(to, t) 


|/q S 


-i,(^o-Zo\^_,^fvo-Zo\ fvo-Zo 


yo 


Uo 


Uq 


-ir uo-yo\ Uo-yo 


to'S 


tf] 


t(] 


A + ZJ' 
N 


S. 
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Note that for any a G C, (x + ?/)“ involves only integer powers of y. Then we have 


.. («(^o, t); xo, yz)Ye (6(to, t); yo, y)c(to, t) 


zo 


k„.k^k-l^ ( Vo ^0 


-x^oVo^^oS 


-Zo 


Ys (&(^o, t); I/O, y)Y£ (a(to, t); Xq, yz)c(to, t) 


.^qI/q 6 


_ 1 . Xq- Zq \ , / ^^o - \ / Vo - V / “0 - I/O \ Uo-yo 


I/O 




^0 


^0 




^0 


^0 


ReSuQj-UgXg (5 


-1 r /l/o + 2:o\ -1 e /^o + a:oA /to + a:o 


Xo 


Vo <5 


Vo 


Vo 


-1 r /to + |/o\ /to + I/O 

Mn t) ' 


Vo 


Vo 


Res^iQ^jjgXg 6 


-I;r f Vo + Zq\ f to + yo + Zo'\ /to + I/O + ^0 


Xo 


Xo S 


-1 r /to + |/o\ / to + I/O 

■Mn 0 ' 


Vo 


Vo 


Vo 


Vo 


_A 

■ iV 


to + I/O 
Vo 






-1 r /l/o + ^o\ _i r /to + I/O + ^o\ /l + 2:o(to + l/o) 


Xo 


Xo 5 


-1 r /to + |/0\ / to + I/O 
•Xo 5 ' 


Vo 


Vo 


Vo 


\-l\ AT _A_ 
N 


Vo 


Vn 


5 




-I ^ f Vo + Zo\ f Uq + Zq\ f Uq + Zq 


Xq 


Vq 6 


Vo 


Vo 


-1 r /to + |/o\ / to + I/O 
Xn d ' 


Vo 


Vo 


ReS^ig^JJgl/O (5 


-1^ ( Xq- Zq\ _i I Vq - Zq \ I Vq - Zq \ ™ ( Uq - yQ \ [ Uq - yQ 

Uq 0 


I/O 


Vo 


Vo 


tg-^<5 


to 


to 


= 4yo4yo 


Thus 


I/O 


_i / Xo - I/O 
^0 


Ff (Yg (a(to, t); zq, z)6(/o, t); |/o, y)c(to, t). 


Zo 

-1. / I/O - a^o 


= Xn^S 


-Zq-^S 


I/O + ^0 
Xo 


Vs (a(to, t); Xo, yz)Ff (6(to, t); yo, y)c(to, t) 

Ys (b(tQ, t); I/O, y)F£- (a(to, t); xo, yz)c(to, t) 


-Zq 


Ye {Ye (a(to, t); zq, z)6(/o, t); |/o, y)c(to, t). 


This proves that the Jacobi identity holds. Therefore, (V, Ye, Iw) carries the struc¬ 
ture of an (r -|- l)-toroidal vertex algebra. 

As R is a graded subspace of £^(JR, r; At), a is naturally a linear automorphism 
of R. It follows from Lemma 13.21 that a is an automorphism of R viewed as an 
(r -|- l)-toroidal vertex algebra and = 1. 









































For a(xo,x) G V, we set 


Yiv(a(xo,x);zo,z) = a(zo,z). (3.10) 

For a(xo,x),b(xo,x) G V, from assumption they are mutually local. To show that 
(IF, IV) is a (j-twisted F-module, in view of Lemma 12751 we need to establish weak 
associativity. Let fc be a nonnegative integer such that 

(xo - yofa{xo, x)h{yo, y) = (xq - yofh{yo, y)a{xo, x). 


Assume a{xo,x) G S{W,r; N)s with 0 < s < iV. Let tc G IF be an arbitrarily hxed 
vector in IF and let £ be a nonnegative integer such that 

xl~^^a{xo,x)w G lF[[a;o,x,x~^]]. 


From Remark 13.31 we have 

4 {yo + {y£ {a{yo, y); Zo, z)b{yo, y)) w 

Uo=yo+^o 


{xo-yo) Xq ^a{xo,zy)b{yo,y)w 


(xo - yo)’‘xl^^a{xo, zy)b{yo, y)w 


Wo=zo+yo 


= ZQ{zo + yQY"^Na{zo + yo,yz)b{yo,y)w. 


This proves 

{yo + zoY""t^ Yw (Ff (a(fo, t); Zq, z)b(to, t); yo, y) 

= (yo + zo) ^ Vs (a(yo,y);zo,z)b(yo,y) 

= (zo+ yoY^^a(zo+ yo,yz)b(yo,y) 

= (zo + yoy~^^Yw (a(to, t);zo + yo, yz)Yw {b{to, t); yo, y). 

By Lemma [2.51 IF is a a-twisted F-module. It is clear that IF is faithful. □ 

Using Lemma [3.41 and Theorem 13.51 we immediately have (cf. |Li2] ): 

Corollary 3.6. Let U he any graded local subspace of £{W,r-, N). Then there exists 
a smallest closed graded local subspace {U) that contains U, and {U) is an (r + 1)- 
toroidal vertex algebra with W as a canonical faithful a-twisted module. 

In view of Theorem 13.51 we alternatively call a closed graded local subspace of 
£^(IF, r; A^) an (r + 1)-toroidal vertex subalgebra of S{W,r; N). 

Let V be any (r + l)-toroidal vertex subalgebra of £^(IF, r;A^). Note that by 
Theorem 13.51 {W,Yw) is a faithful cx-twisted F-module with Yw{a{xo,x)-, zo,z) = 
a(zo,z) for a{xo,x) G F. In view of Lemma fIM. we immediately have: 
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Corollary 3.7. Let V be an (r + l)-toroidal vertex subalgebra of S(W,r; N), let 
a(xo, x), b{xo, x), co(xo, x), ci(xo, x),..., Ck{xo, x) e V, 


and let m G Assume a(xo,x) G L(IV, r; N)^ with 0 < s < N. If 

where a{xo,x) = o(3;o,n)x”", then 

neZ’’ 


aixo, x)j'rn&(a:o, x) = Cj(xo, x) (3.12) 

for 0 < j < k and a{xo, x)j^^b{xo, x) = 0 for j > k. Furthermore, we have 
[Ys (a(to, t); Xq, m), Ys {b{to, t); t/q, y)] 

(3.13) 


j=0 


j\ [dyoj ° Uo 


4 (r+l)-toroidal vertex algebras and twisted mod¬ 
ules associated to twisted toroidal Lie algebras 

In this section, we shall associate (r + l)-toroidal vertex algebras and their twisted 
modules to certain twisted toroidal Lie algebras by using the general construction 
established in Section [3l 

Let 0 be a hnite dimensional simple Lie algebra and let (•, •) be the killing form 
which is normalized such that {a, a) = 2 for any long root a. Let (Tq, ai,..., 
be r + 1 mutually commuting hnite order automorphisms of g, which are hxed 
throughout this section. 

Set oiyji) = iVj for 0 < f < r and set 

G = ((To,ai,... ,(T^) C Aut( 0 ), (4.1) 

G+ = (ui, (72,..., C G. (4.2) 

Note that every automorphism of g preserves the killing form (cf. [K]) and symmetric 
invariant bilinear forms on g are unique up to scalar multiples (as g is simple). It 
follows that all cxj for 0 < i < r preserve (•,•). 

Consider the following (r + l)-loop Lie algebra 

L^+i(g, iVo) = g (g) t^^]. 

Form a 1-dimensional central extension 

-^r+i( 0 ! Nq) = Lr+i{g, No) 0 Cc, (4.3) 
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where c is central and 

= [a, b] 0 + mo(a, 6)5mj,+nj„o<^m+n,oC (4.4) 

for a, & G g, rrig, E m, n G 

Definition 4.1. For 0 < i < r, we define an automorphism dj of the Lie algebra 
F^+i(g,iVo) by 

^0 / \ 

^.(c) = , = (4.5) 

/or a G g, (mo, m) E Z x with m = (mi,..., m,.). 

Note that d* depends on both the index i and the corresponding automorphism 
(Tj. We particularly mention that for 0 < i 7 ^ j < r, dj and d^ are different even 
though (7i and aj could be the same. The notation dj, which is somewhat misleading, 
is for the purpose of convenience. 

Set 

G = (do, di,..., d,.) C Ant (^Tr+i(g, A^o)) , (4.6) 

= (di,..., dr) C G. (4.7) 

It is straightforawrd to show that 

G ~ (do) X (di) X ■ ■ • X (dr) and G+ ~ (di) x (d 2 ) x • • ■ x (dr). 

Set N = (W, • • •, Ar). Furthermore, we set 



A(N) = ZA^i X ■ • • X ZNr C ZF 


(4.8) 


Then 


Z’’/A(N) ~ Zat^ X • • • X Zn, ^ (di) X (d 2 ) x • ■ • x (dr) = G+. 


(4.9) 


Note that G is a homomorphism image of G with dj corresponding to ai for 0 < i < r. 
Then G (and G+) naturally acts on g by automorphisms. 

Set 


r = (Lr+i(g, Ac 


G 


(4.10) 


the subalgebra of G-fixed points in Fr+i(g, Aq). Then 


r = 


0 

(mo,m)€ZxZ'^ 


^0 

5mo,xn<^tQ°t"^ I ©CC, 


(4.11) 
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(4.12) 


where for tuq G Z, m = (mi, ..., m^) G I/", 


0mo,m = {a G fl I (Jj(a) = for 0 < i < r }. 

For a G 0fco,k with {ko, k) G Z x Z'", set 

a^(xo,x)= [a ® C(4.13) 

moGZ, mGk+A(N) ^ ^ 

and we also set 

a^(xo, m) = [a ® C (4.14) 

for m G k + A(N), and dehne a'^(a;o,m) = 0 for m ^ k + A(N). We then dehne 
a'^(xo,x) for general a G g by linearity. 

For a G gfco,k, b G g^Q^i, m G k + A(N) C Z'", we have 


[a^{xo,m),F{yo,y)] 


y'^[a,bY{yo,y)xo^6 



(4.15) 


Note that for m ^ k + A(N), we have [a'^(xo, m), b'^{yo, y)] = 0. 

Let £ G C. A r-module W is said to be of level £ if c acts on W as scalar i, and 
W is called a restricted module if 


o'{ xq, x) E 8 (IF, r; Nq) for all a G g. (4.16) 

Let IF be a restricted r-module of level 1. Set 

Fvk = Span{F(xo,x) I a G g}. (4-17) 

It follows from fl4.15p that Uw is a graded local subspace of 8 (IF, r; Nq). In view of 
CoroIlarv l3.61 Uw generates an (r+l)-toroidal vertex subalgebra {Uw) of 8 (IF, r; Nq) 
and IF is a faithful cr-twisted (17vi/)-niodule with Yw {<y{xo,x)] zo,z) = a(zo,z) for 
a(xo,x) G {Uw)- In the following, we are going to characterize (Uw) as a module 
for another Lie algebra. 

Consider the (r + l)-loop algebra 

Lr+iid) =g®C[fo\t^\...,A^], 

which is equal to Lj.+i(g,A"o) with Nq = 1. As before, G+ acts on Lr+i(g) by 
automorphisms. Set 

C = (^UYiiQ)Y\ (4.18) 
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the subalgebra of G+-fixed points in Lr+i(0). Then 




\m£Z’~ 


where for m = (mi, ..., m^) G 


(4.19) 



C- = 0 0mOt%-lC[to'], 

meZ’’ 


which are subalgebras of C. We have 

C = 

Let X • G+ —)■ be the group homomorphism, i.e., a linear character of G+, 

uniquely determined by 


X(di) = UNi for 1 < i < r. 

More generally, for any m = {rrii,... ,mr) G I/", we dehne y™ to be the linear 
character of G+, uniquely determined by 

= ^Ni for 1 < i < r. (4.20) 

It can be readily seen that for m, n G Z'’, = y" if and only if m — n G A(N). 

For n G Z*”, using the character y” we have 

0n = {a G 0 I 7 (a) = y'"(7)a for 7 G G+}. (4.21) 

It follows that for m, n G Z*" with m — n G A(N), we have 0ni = 0n- For any 
[n] G Z''/A(N) with n G Z'", we define 0[n] = 0n- Then 

0= 0 m„l. (4.22) 

[n]GZ’-/A{N) 

For a G 0 and m G Z*", set 

a(m) = A'"( 7 "^) 7 (a), (4-23) 

7GG+ 
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where iV_|_ = N 1 N 2 ■ ■ ■ Nr = |G+|. For a G 0n with n G Z’’, we have a(m) = a for 
m G n + A(N) and a(m) = 0 for m ^ n + A(N). Then g^n = {^(m) I o G g}. 

For a G g, (mo, m) G Z x Z'", set 

a^(mo, m) = a(ni) 0 G C. (4.24) 

Furthermore, for a G g, set 

a^{xo,x.) = ^ a'^(mo, m)a;g 

(mo ,m)EZxZ^ 

(a(^)0Ct"")%™°"'x—. (4.25) 

(mo ,m)EZxZ^ 

In particular, if a G gk with k G Z^, we have 

a^{xo,^) = Y1 (a 0 Ct"") (4.26) 

moEZ,mGk+A(N) 

Let a G gk, & G gi with k, 1 G Z*”. Then 

[a^{xo,m),b^{yo,y)] = y’^ (^[a,bf{yo,y)xQ^5 + (a, &)c^a;o ^ 

(4.27) 

for m G k + A(N) C Z*". Note that [a'^(a;o, m), b^{yo, y)] = 0 for m ^ k + A(N). 

An £-module W is said to be of level £ G C if c acts on W as scalar i and W is 
called a restrieted module if 

a‘~{xQ, x) G T (hF, r) for all a G g. 


We have: 


Lemma 4.2. Let W he any restricted r-module of level £ G C. Then {Uw) is a 
restricted C-module of level i with a^{yo, y) acting as (a"'(a;o, x); |/o, y) for a G g 
and with c acting as scalar i. Furthermore, Uw + ^'^w is an -submodule of {Uw), 
where for a G gk, & G g, j G N, m G k + A(N) C Z'’, 


(a 0 t^t^) ■ 1 ^ 1 / = a(a;o, x)J„,1h/ = 0, 


(a 0 ■ U{xo, x) = a^(a;o, x)^'„,6^(a;o, x) 


[a,6]^(a;o,x) if j = 0 

< {a,b)ilw if 3 = ^ 

0 if] > 2. 

v 
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Proof. Let a G gk, ^ ^ 0 with k G Z'’ and let m G k +A(N) C Z'’. Combining fl4.15p 
with Corollary 13.71 we get 


[Ys t); a:o, m), Yg {F {to, t);yo, y)] 

= y™ (y£{[a,bY {to,'^);yo,y)xo^S + {a,b)i-^Xo^S • (4-28) 

On the other hand, notice that from f|3.5p . we have Ys {Y{to,t);xo,m) = 0 for 
m ^ k + A(N). Then the hrst assertion follows. From Corollary 13.71 the second 
assertion also follows. □ 


Notice that Lr+Yo) is a Z-graded Lie algebra with deg(a 0 for 

fc G Z, m G Z'" and degc = 0, where C, £-°, and are all Z-graded subalgebras. 
From Lemma 4.1 of |LTW2j . we immediately have: 


Lemma 4.3. Let i be a complex number. Then there exists an C-^-module structure 
on 0 © C with c acting as scalar i and with 


{a 0 t^t^) ■ C = 0, 


(a 0 ■ b 


[a,b] 

< {a,b)£ 


0 


ifj = 0 
ifj = 1 
> 2 


(4.29) 


for a G gk, G g, j G N, m G k + A(N) C . Furthermore, g © C is an N-graded 
C-^-module with degC = 0 and degg = 1 . 

For £ G C, denote by (g © C)^ the £-°-module obtained in Lemma 14.31 Then 
form an induced module 


Vc {£, 0) = f/ (£) 0t;(£>o) (g © C)^. (4.30) 

In view of the P-B-W theorem, we have 

Vh {£, tS) = U (£-) 0 (g © C) 

as a vector space. Consequently, {£, 0) is an N-graded £-module. It follows that 
Vc {£, 0) is a restricted £-module of level £. Set 

1 = 10 1 G V£(£,0). (4.31) 

Identify g with the subspace 10 0 through the map a i—)■ 1 0 a. 

Corollary 4.4. Let W he a restricted r-module of level £. Then there exists an 
C-module homomorphism 

Yw : V^ {£, 0) ^ {Uw) C £ (IV, r; iVo) (4.32) 

such that 

0vv(a + /i) = a'^{xo, x) + ylw for a G g, y E C. 
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Proof. It follows from Lemma 14.21 that there exists an £-‘^-module homomorphism 
0^ from (g 0 C)^ to (Uw) such that 

0vi/(a + h) = cP{xo, x) 0 /ilvK for a G g, p G C. 

Then from the construction of 0), we see that extends uniquely to an 
22-module homomorphism cfw '■ Vc (f*, 0) —)■ {Uw) C ^ (fh, r; Nq), as desired. □ 

We have: 

Theorem 4.5. Let i be any eomplex number. Then there exists an (r 0 l)-toroidal 
vertex algebra structure on Vc (^,0), which is uniquely determined by the conditions 
that 1 is the vacuum vector and that 

y (a; xo, x) = a'^(xo, x) for a E Q. (4.33) 

Proof. Since Vc {i, 0) = U (£) (g 0 Cl), the uniqueness follows immediately. In the 
following, we establish the existence by applying Theorem 3.10 in |LTW2] . Tem¬ 
porarily, take (To = 1 (with Nq = 1) and W = Vc (^,0) in fl4.32p . Then we have 
T = C and 

y (xq, x) = a^(xo, x) E P {Vc 0), r) for a G g. 

From Corollary 14.41 we have an £-homomorphism (fw from Vc {i, 0) to (Uw), which 
we alternatively denote by (/>xo,x- Dehne 

y(-;xo,x): Vc{i,0)^S{Vc{i,0),r) 

V ^ 0xo,x(t’)- (4.34) 

For a G g, we have 

Y (a;xo,x) = (pxo,M = a^{xo,x). 

Then {Y (a; Xq, x) | a G g} U {Iw} is local. For a E g, v E Vc {i, 0), we have 
Y (Y {a;zo,z)v;yo,y) 

= <{yo,y 

= Ye y); ^o, z)(j)yg^y{v) 

= ReSa:o a^{xo, zy)(j)y^^y{v) - Zq^6 zy)^ 

= Res3,o(2o'^(5 Y (a; Xq, zy)y (v; yo, y) 

-ZqH {v;yo,y)Y (a;xo,zy)). 

It then follows fromTheorem 3.10 in |LT W 2] that {Vc {i, 0), Y, 1) carries the structure 
of an (r 0 l)-toroidal vertex algebra. □ 
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Recall that g © C C (£, 0) and cxo,..., <7^ are automorphisms of g. 

Lemma 4.6. For each 0 < i < r, there is an automorphism dj ofVc{i.,0), which 
extends the automorphism at of g uniquely. 

Proof. Let i G {0,1,..., r}. As Re (f', 0) as an (r + l)-toroidal vertex algebra is 
generated by g and 1, the uniqueness is clear. It remains to establish the existence. 
Since the automorphism ai of g preserves the bilinear form, we can and we should 
view (Tj as an automorphism of the Lie algebra Lr+i(0) by 

(Tj(a © + /ic) = cTi(a) © + fic 

for a G g, (mo, m) G ZxZ'”, /i G C. With all aj (0 < j < r) commuting, exj preserves 
the subalgebra C. This induces an automorphism of the universal enveloping algebra 
U{C), also denoted by <7*. It is clear that exj preserves the subalgebra 

Recall from Lemma [4.31 the £-°-module structure on g©C. Let © be the linear 
endomorphism of g © C, dehned by 

cxj(a + A) = (Xi(a) + A for a G g, A G C. 

From the definition of the action of in Lemma 14.31 we have 

ai{X ■ v) = (Xj(X)d'i(n) for X G £-°, n G g © C. 

Furthermore, this holds for all X G U{C-^). By using this property, it is straightfor¬ 
ward to show that the linear automorphism ©©© of f/(£)©(g©C) reduces to a linear 
automorphism of Re {i, 0), which we denote by dj. We have dRa + /il) = ©(a) + fil 
for a G g, /i G C and dRXn) = ©(X)dj(n) for X G U{C), v E Vc{i, 0). In particular, 
we have 

^iiamo,mv) = ©(a © = ©(a) © t]f°t^a{v) = ©(a)mo,m©(v) 

for a G gm, nT^o G Z, m G Since Re {i, 0) as an (r + l)-toroidaI vertex algebra 
is generated by g and 1, it follows that d* is an automorphism of (r + l)-toroidal 
vertex algebra Re {i, 0). With © of order W, we see that d* is also of order W- □ 

Now, we are in a position to present the main result of this paper. 

Theorem 4.7. Let i E C. For any restricted r-module W of level i, there exists a 
do-twisted Re {i,0)-module structure on W, which is uniquely determined by 

IV (a;a:o,x) = a^(a;o,x) for a E Q 

and which satisfies the condition that 

Yw{cri{v)]Xo,yi) = lim Yw{v]Xo,yd) (4.35) 

^Xi 

for n G Re (£, 0), 1 < i < r. On the other hand, for any do-twisted Re {i, 0)-module 
(IR, IV) which satisfies W is a restricted r-module of level i with 

V(a;o,x) = TV (a;a:o,x) for a E Q. 


27 





Proof. From Corollary 13.61 ly is a faithful cr-twisted (17vy)-nioclule. To show that W 
is a do-twisted Vc {i, 0)-module, we next show that there exists an (r -1- l)-toroidal 
vertex algebra homomorphism (£, 0) —)■ (Uw) such that o = a o . 

From Corollary 14.41 we have an £-module homomorphism (fw from Vc {i, 0) to 
{Uw)- Notice that 


4>w{o) = y(a;o,x) for a G 0. 

Then for any a G g, n G V/; (£, 0), we have 

(fw {Y (a; Zq, z)n) = cfw (a^(^o, z)^) 

= Ys (a^(xo, x); zq, z)0ty(n) = Ys (0w(a); zq, z)0M/(n). 

From Lemma 2.10 in |LTW2j . we see that cfw is an (r -|- l)-toroidal vertex algebra 
homomorphism from Vc {i, 0) to (Uw)- 

For a G 0s,s with (s, s) G Z x Z'’, as Y{xo, x) E P {W, r; iVo)^, we have 

0w(do(a)) = u%(j)w{a) = {xq, x) = a{(j)w{a)). 

Since Vc {i, 0) is generated by g and 1, it follows that (fw o do = cr o (fw- Then (pw 
is an (r -|- l)-toroidal vertex algebra homomorphism that we need. Consequently, W 
is a do-twisted Vc (^, 0)-module with Ywia] xq, x) = Y{xo, x) for a G g. Let a G 0m 
with m G Z'". For 1 < i < z, we have 


{aiay{xo,x)=uf'"Y{xo,x)= lim Y{xo,x). 

Xi—^ujZ^Xi 


(4.36) 


As g -|- C generates Vc (^, 0) as a toroidal vertex algebra, using the twisted iterate 
formula fl2.14p we obtain (14.351) . 

Conversely, let (IF, Yw) be a do-twisted Vc {i, 0)-module. From the construction 
of (r -I- l)-toroidal vertex algebra Vc {i, 0), we have 




[a, b] if j = 0 

< (a, b)il if j = 1 

0 if j > 2 


for a G 0s, 5 G 0, m G s -|- A(N) C Z^. Then using (12.131) we obtain 


[Yw (a; xo, m), Yw (5; Vo, y)] 
= y"^Yw{[a,b]]yo,y)xy6 



+ y^{a,b)i 


A 

dyo 




for m G s -|- A(N). On the other hand, from (14.351) we have Yw (a;a:o,m) = 0 for 
m ^ s -|- A(N). Combining these with (14.151) . we conclude that IF is a restricted 
r-module of level £ with Y{xo, x) = Yw {a; Xq, x) for a E g. □ 
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